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Abstract 
Unbonded posttensioning anchors a rocking structural member to its foundation and produces its 
controlled rocking response when the member undergoes seismic action. Unlike rocking of free‐standing 
bodies, little attention has been given to the dynamic behavior of these controlled rocking members. This 
paper utilizes experiments of concrete structural members with unbonded posttensioning, varying 
member geometries, and levels of initial posttensioning force to (a) characterize the associated impact 
energy loss and (b) improve modeling of controlled rocking motions. Experimental results show that 
impact energy loss in controlled rocking members can be captured accurately using the coefficient of 
restitution (r) approach of the modified simple rocking model (MSRM). Based on the MSRM, a controlled 
rocking model (CRM) is developed that additionally accounts for the variations in contact length at the 
member‐to‐foundation (rocking) interface. The CRM reproduces the experimental responses of controlled 
rocking members with good accuracy and is used to investigate controlled rocking motions under 
horizontal base excitations. 
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DYNAMIC RESPONSE AND IMPACT ENERGY LOSS IN CONTROLLED ROCKING 
MEMBERS 
Dimitrios Kalliontzis1, 2 and Sri Sritharan2 
1University of Minnesota, Twin Cities, Minneapolis, MN, USA; formerly at Iowa State University, Ames, IA, USA 
2Iowa State University, Ames, IA, USA 
Unbonded post-tensioning anchors a rocking structural member to its foundation and produces its controlled rocking 
response when the member undergoes seismic action. Unlike rocking of free-standing bodies, little attention has been 
given to the dynamic behavior of these controlled rocking members. This paper utilizes experiments of concrete 
structural members with unbonded post-tensioning, varying member geometries and levels of initial post-tensioning 
force to a) characterize the associated impact energy loss; and b) improve modelling of controlled rocking motions. 
Experimental results show that impact energy loss in controlled rocking members can be captured accurately using 
the coefficient of restitution (r) approach of the Modified Simple Rocking Model (MSRM). Based on the MSRM, a 
Controlled Rocking Model (CRM) is developed that additionally accounts for the variations in contact length at the 
member-to-foundation (rocking) interface. The CRM reproduces the experimental responses of controlled rocking 
members with good accuracy and is used to investigate controlled rocking motions under horizontal base excitations. 
KEYWORDS 
coefficient of restitution, controlled rocking, impact, precast concrete, self-centering, unbonded post-tensioning 
INTRODUCTION 
As shown in Figure 1a, free-standing rocking can be defined as the rotational movement of an unanchored member 
with respect to its foundation base, assuming the member experiences no sliding, jumping, or bouncing relative to the 
base [1]. When a rocking member is anchored to its foundation base (e.g., by vertical unbonded post-tensioning), as 
shown in Figure 1b, it becomes a controlled rocking member, with the anchoring mechanism improving its re-
centering capabilities and resistance against lateral loads. 
(a) Free-standing rocking  (b)  Controlled rocking 
Figure 1 Examples of free-standing (a) and controlled rocking (b) members. 
The use of controlled rocking for seismic resistance has been investigated over the past two decades starting with the 
PRESSS program. In this program, Priestley et al. [2] tested the response of several controlled rocking precast concrete 
systems as part of a five-story precast concrete building. The prominent controlled rocking system in this building 
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was a jointed wall. When the building was subjected to pseudo-dynamic loading, the wall exhibited excellent 
performance, which was characterized by little structural damage and small residual deformations. 
  
Following the unique performance in the PRESSS building, seismic applications of controlled rocking have been 
explored by many researchers (e.g., [3-19]). Most of them employed quasi-static tests to examine the seismic behavior 
of controlled rocking structural members and found that controlled rocking can minimize the residual deformations in 
members that undergo large lateral displacements. Similar observations were made when controlled rocking members 
were tested dynamically (e.g., [8, 18, and 19]).  
 
From all these research studies, it was also found that controlled rocking members produce limited hysteresis through 
cyclic action. To increase the hysteretic energy loss in controlled rocking, several researchers proposed the use of 
external energy dissipaters [2, 6, 7, and 8]. For example, Sritharan et al. [7] assumed a rocking precast concrete wall 
connected with two end columns using O-shaped mild steel connectors. The result, named as the PreWEC system, 
was validated experimentally using a reverse-cyclic and quasi-static loading protocol. It was shown that the PreWEC 
can provide large hysteretic energy loss by these steel connectors. 
 
Overall, the above-referenced research highlighted the seismic performance of controlled rocking members and 
characterized their hysteretic behavior. Even when these tests are conducted using dynamic input motions (e.g., [8]), 
a systematic effort is not always taken to isolate the impact energy loss from other components (e.g., hysteresis, 
friction, or inherent viscous damping). When modelling the response of these systems (e.g., [10, 18-21]), all energy 
losses are combined into continuous damping elements. Though this approach was motivated to capture the effects of 
all damping components as a function of time, implied in such computational models was that all energy losses occur 
continuously. Consequently, such an approach fails to recognize that the impact energy loss occurs in short-time 
intervals as observed in controlled rocking tests [22]. 
 
Considering a recent work on characterization of free-standing rocking bodies [23], this paper addresses impact energy 
loss in controlled rocking structural members using the coefficient of restitution (r) per [24], which introduces an 
instantaneous reduction in the kinetic energy of the members at impacts. First, the accuracy of this approach is 
investigated using: a) recent experiments of three controlled rocking members of various geometries and levels of 
initial post-tensioning force; and b) experimental data from controlled rocking members tested by previous researchers 
[18, 25-28]. Second, using the r approach, a Controlled Rocking Model (CRM) is developed to capture the 
experimental responses of controlled rocking members and investigate their lateral displacement responses under 




This section reviews analytical formulas pertaining to free-standing rocking and extends them to describe controlled 
rocking motions of structural members. 
 
Free-standing rocking motions 
 
To understand the rocking behavior of free-standing bodies, Housner [1] developed the simple rocking model (SRM). 
The SRM assumed a free-standing rocking rigid block that undergoes planar rotation with respect to one of its bottom 
corners (𝑂 or 𝑂′), as in Figure 2. When 𝜃 → 0, the block impacts with its foundation, reducing its kinetic energy. 
After impact, rotation of the block continues with respect to its opposite bottom corner. 
 
Per Housner [1], the free vibration response of the SRM can be described by Eq. 1:  
 
𝐼𝑜?̈? + 𝑀𝑔𝑅𝑠𝑖𝑛[𝑠𝑖𝑔𝑛(𝜃)𝛼 − 𝜃] = 0 (1) 
 
where 𝐼𝑜 is the mass moment of inertia of the SRM with respect to its bottom corner; 𝑀 is the mass of the SRM; 𝑅 is 
the distance between its center of gravity and its bottom corner; 𝛼 describes the degree of slenderness of the SRM, as 
indicated in Figure 2; and 𝑠𝑖𝑔𝑛( 𝜃) defines the sign of rotational direction, as detailed below: 
 
𝑠𝑖𝑔𝑛(𝜃) = {
1 𝜃 > 0





Eq. 1 was linearized by Housner for blocks with 𝛼 ≤ 20𝜊, leading to Eq. 3: 
 
𝐼𝑜?̈? + 𝑀𝑔𝑅[𝑠𝑖𝑔𝑛(𝜃)𝛼 − 𝜃] = 0 (3) 
 
Using Eq. 3, Housner computed a closed-form solution for 𝜃(𝑡), using the initial conditions of 𝜃 = 𝜃𝜊 and ?̇? = 0. 
This solution is reproduced in Eq. 4: 
 
𝜃(𝑡) = 𝛼 − (𝛼 − 𝜃𝜊)𝑐𝑜𝑠ℎ𝑝𝑡 (4) 
 
where 𝑝 = √𝑀𝑔𝑅/𝐼𝑜 . 
 
 
Figure 2 SRM [1], where C.G. denotes the center of gravity of the block, and 2h and 2b denote the 
block’s total height and base length, respectively. 
 
The reduction in kinetic energy of the SRM at impact was estimated by Housner [1] using a coefficient of restitution 
(𝑟) approach. It was assumed that conservation of angular momentum between the moments just before and just after 














where 𝜃2̇ and 𝜃1̇ denote the rotational velocities of the SRM just after and just before the impact, respectively. 
Moreover, Housner [1] suggested that during a free vibration response, SRM’s amplitude of rotation following the nth 
impact, 𝜃𝑛, can be estimated using Eq. 6: 
 
𝜃𝑛 = 𝛼 − 𝛼√1 − 𝑟







Several researchers have experimentally investigated free-standing rocking motion and the associated impact energy 
loss [29-35]. They found that the SRM tends to overestimate impact energy loss in free-standing motions. To improve 
estimation of 𝑟, the MSRM was introduced in [24]. The MSRM uses a more realistic location for the rotation center 
of free-standing rocking members, which was derived using experiments of concrete members. As indicated in Figure 
3, it was experimentally shown in [24] that the rotation centers of these members just before and just after impacts are 
located at a distance ?̅? from the centerline of the members; where ?̅? = 𝑘𝑏 and 𝑏 is one half of their base length. The 

















where 𝐼𝑐𝑚 is the mass moment of inertia of the rocking member about its center of mass. As explained in [24], the 
parameter 𝑘 in Eq. 7 may be experimentally evaluated or approximated to a value of 0.72 to improve the estimation 
of 𝑟 compared to that from Eq. 5. 
 
 
Figure 3 Free-standing block rocking about points ?̅? and 𝑶′̅̅ ̅. 
 
Recently, impact energy loss of free-standing blocks was also investigated by Chatzis et al. [36], who proposed an 
alternative equation for 𝑟 by assuming that the blocks rotate about their bottom corners. As opposed to SRM and 
MSRM, this equation development suggested that the vertical impulse at impact can be applied at a random location 
away from the blocks’ rotation centers just after the impact, producing random 𝑟 values that can differ from Eq. 5.  
 
Controlled rocking motions 
 
As stated previously, rocking members whose response is controlled by restrainers that run along their height are 
identified as controlled rocking members. Makris and Zhang [37] developed equations to describe the dynamic 
response of such members when they are subjected to horizontal sine-pulse ground motions. As shown in Figure 4a, 
their investigation assumed rigid blocks that are anchored to their base using corner restrainers with: a) elastic-brittle; 
or b) elastoplastic force-displacement behavior. Energy loss in these blocks was assumed to occur: a) at every impact 
as per SRM’s r model (i.e., Eq. 5); and b) because of hysteresis in the restrainers. Controlled rocking motions were 
also investigated by Barthes et al. [38] and Vassiliou and Makris [39] to account for the use of a vertical unbonded 
tendons, as shown in Figure 4b. More recently, these investigations were extended to analytically characterize the 
seismic responses of controlled rocking frame systems [40] and the behavior of controlled rocking walls coupled with 
monolithic building frames [41]. In all these cases, impact energy loss was obtained using SRM’s r model. 
 
 
(a) Block with corner restrainer [37]                         (b) Block with unbonded tendon [38 and 39] 
 




Following the above-referenced research on controlled rocking motions, this paper develops a Controlled Rocking 
Model (CRM) to address the following limitations pertaining to modeling of rocking structural members: during 
rocking motions, the contact between a structural member and the foundation base occurs over a finite length instead 
of a point at its bottom corner as evidenced in a number of controlled rocking experiments (e.g., [7, 10, 18, 19, 24, 
27]). As a result, the rotation center and neutral axis shift from the corner toward the centerline of the rocking structural 
member, which was cited in [24] as the reason why SRM overestimates impact energy loss. To improve estimation of 
controlled rocking motions, the CRM accounts for the contact length variations at the rocking interface and uses 
MSRM’s 𝑟 model to estimate impact energy loss. While previous research on free-standing rocking members 
confirmed that continuous energy loss influences their rocking responses [23], it is shown in this paper using three 
experimental controlled rocking structural members that, in the case of limited hysteretic action, the use of MSRM in 
the CRM can adequately capture their controlled rocking responses, suggesting no measurable contribution of 
continuous energy loss. This is presumably because the use of a post-tensioning mechanism, which was not accounted 
in [23], introduced compression at the rocking interface, thereby minimized any grinding that could produce 
continuous energy loss. 
 
Figure 5 shows a CRM with height of 2ℎ and base width of 2𝑏 that maintains contact over a finite length with the 
underlying base as it rocks; the contact length at any given time is denoted herein as the neutral axis depth (𝑁𝐴). The 
CRM is anchored using a concentric unbonded tendon that is placed within a duct. When loaded laterally, the CRM 
rotates with respect to the underlying base by the angle 𝜃, while the tendon elongates and displaces laterally within 
the duct, without experiencing kinking, which is possible due to the construction tolerances provided by using an 
oversized duct. The CRM experiences a re-centering force, which is produced by the post-tensioning force 𝐹𝑃𝑇 and 
weight of the CRM, 𝑀𝑔. Reaction forces are also applied to the CRM by the underlying base. These forces are 
distributed over the 𝑁𝐴, producing compressive deformations at and near the contact region, as suggested in [42]. It 
is assumed that these forces can be represented by a resultant compressive force 𝐶, which is located at a distance 𝑏𝑐 
from the extreme compression fiber (i.e., bottom corner of the CRM). 
 
As shown in Figure 5, the motion of the CRM is described with reference to two Cartesian frames: a) the inertia frame 
{x, z}, with its origin being fixed at the midpoint of the CRM’s base when 𝜃 = 0; and b) a moving frame {η, ξ}, 
which is also located at the midpoint of the CRM’s base, translates with this point, and rotates with the CRM. 
 
 
Figure 5 A controlled rocking model (CRM) with contact over a finite length (𝑵𝑨) at the base. 
 
Contact length (𝑵𝑨) and location of resultant compressive force (𝒃𝒄) 
 
To estimate 𝑁𝐴 and 𝑏𝑐, several research studies (e.g., [3, 5, 17, 20, 21, 43]) employed finite and fiber- element 
approaches, in which these two variables were computed iteratively at every analysis step to ensure that the force-
equilibrium at the rocking interface is maintained. To reduce the computational effort in finding the 𝑁𝐴 and 𝑏𝑐, Aaleti 
and Sritharan [42] suggested that these variables can be estimated as functions of the rotation angle 𝜃, satisfying force-
equilibrium at the rocking interface. These researchers proposed a simplified analysis method, where: a) 𝑁𝐴 is 
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computed using a bilinear curve up to |𝜃| = 0.005 rad and is assumed constant for |𝜃| > 0.005 rad; and b) 𝑏𝑐 varies 
linearly up to |𝜃| = 0.001 rad and is computed using a logarithmic expression of 𝜃 for |𝜃| > 0.001 rad. It was shown 
that this method provides good accuracy to various test data of controlled rocking concrete structural walls. 
 
Similar to [42], the CRM uses a piecewise expression to estimate 𝑁𝐴, as follows: a) for |𝜃| > 0.005 rad, 𝑁𝐴 is 
assumed to remain constant at a value 𝑁𝐴0.005; and b) for |𝜃| ≤ 0.005 rad, 𝑁𝐴 increases with decreasing |𝜃| until it 
reaches a value of 2𝑏 at 𝜃 = 0. The increase in contact length for |𝜃| ≤ 0.005 rad can be expressed using the 
Menegotto-Pinto curve as detailed in [44]. The piecewise expression for 𝑁𝐴 is presented below: 
 
𝑁𝐴 = {
2𝑏 − 105|𝜃|[𝑄 + (1 − 𝑄)/𝐴𝑜] |𝜃| ≤ 0.005
𝑁𝐴0.005 |𝜃| > 0.005
 (8) 
 
where 𝑁𝐴0.005 can be estimated using experimental or analytical means (e.g., [42]); and 𝐴𝑜 is computed per Eq. 9: 
 









with 𝑄 and 𝑓𝑐ℎ being numerically computed coefficients, as explained in [44]. Using Eq. 8 and the simplified analysis 
method of [42], the location of the resultant compression force C at the CRM’s base (𝑏𝑐) can be estimated. 
Accordingly, static equilibrium of moments suggests that 𝑏𝑐 = 𝑏 when 𝜃 = 0, where 𝑏 is the half-width of the CRM. 
For higher values of 𝜃, estimation of 𝑏𝑐 is as follows: 𝑏𝑐 decreases linearly until it reaches the value of 𝑏𝑐 = 0.4𝑁𝐴 at 
|𝜃| = 0.001 rad and decreases nonlinearly for |𝜃| ≥ 0.001 rad. In summary, 𝑏𝑐 is computed from Eq. 10: 
 
𝑏𝑐 = {
0.5(1 − 193.1|𝜃|)𝑁𝐴 |𝜃| ≤ 0.001
0.5[1 + 0.12𝑙𝑛(27.6|𝜃| + 0.1725)]𝑁𝐴 |𝜃| > 0.001
 (10) 
 
As shown later in this paper, the use of Eqs. 8-10 in the CRM adequately captures the global and local controlled 
rocking responses in concrete members. However, when the rocking interface uses different material properties (e.g., 
timber or masonry), Eqs. 8-10 may be modified to account for the expected constitutive behavior. Overall, the use of 
Eqs. 8-10 in the CRM can simplify estimation of controlled rocking motions because: a) it eliminates the need for a 
finite or fiber- element approach to compute controlled rocking responses at the rocking interface when hysteretic 
action is limited; and b) as explained in the following section, it allows to compute these motions using 𝜃 as the single 
degree of freedom in the CRM. 
 
Equation of motion 
 
Equation of motion of the CRM for free vibration can be developed using the extended Hamilton’s principle [45], as 
stated in Eq. 11: 
 
𝛿 ∫ (𝐾 − 𝑉) 𝑑𝑡
𝑡2
𝑡1
= 0 (11) 
 
where 𝑡2 and 𝑡1 are two arbitrary time instances; 𝐾 is the kinetic energy of the CRM; 𝑉 is CRM’s potential energy; 
and 𝛿 is the variation operator. Using the variables 𝜃 and 𝑁𝐴, the position components of a point on CRM relative to 
the inertia frame {x, z}, as that is shown in Figure 5, can be expressed as follows: 
 
𝑥𝑝 = 𝜂𝑝𝑐𝑜𝑠𝜃 + 𝜉𝑝𝑠𝑖𝑛𝜃 + (𝑏 − 𝑁𝐴)𝑠𝑖𝑛|𝜃|𝑡𝑎𝑛𝜃
𝑧𝑝 = 𝜉𝑝𝑐𝑜𝑠𝜃 − 𝜂𝑝𝑠𝑖𝑛𝜃 + (𝑏 − 𝑁𝐴)𝑠𝑖𝑛|𝜃|
 (12) 
 
For rotations below 5-7% drift ratios, as in past research studies of controlled rocking systems (e.g., [7, 8, 10, 12, 13, 




𝑥𝑝 ≈ 𝜂𝑝 + 𝜉𝑝𝜃
𝑧𝑝 ≈ 𝜉𝑝 − 𝜂𝑝𝜃 + (𝑏 − 𝑁𝐴)|𝜃|
 (13) 
 
From Eq. 13, the velocity components of the point with respect to the frame {x, z} can be estimated as follows: 
 
?̇?𝑝 = 𝜉𝑝?̇?
?̇?𝑝 = [−𝜂𝑝 + (𝑏 − 𝑁𝐴)𝑠𝑖𝑔𝑛(𝜃)]?̇? − |𝜃|𝑁?̇?
 (14) 
 
where ?̇? and 𝑁?̇? denote the rate of change in 𝜃 and 𝑁𝐴, respectively, with time. Taking the variation of kinetic energy, 




















−[𝐼1 + 𝑀(𝑏 − 𝑁𝐴)
2]?̈? + 𝑀(𝑏 − 𝑁𝐴)(𝜃𝛮?̈? + 2𝑁?̇??̇?)






where 𝐼1 is an integration parameter expressing the mass moment of inertia of the CRM with respect to the frame {η, 
ξ}, as defined in the Appendix; and M is the total mass of the CRM, including any added mass to the rocking block 
(e.g., seismic mass).  
 
The potential energy, 𝑉, in the CRM includes the energy stored in the tendon, the compressive deformations at the 
rocking interface, and the gravitational potential energy. To compute its variation, 𝛿𝑉, the variations in tendon 
elongation, 𝛿𝛥𝑃𝑇,  and compressive deformation of the CRM base at C, 𝛿𝛥𝐶 , need to be estimated. Assuming linear 
distribution of deformations along the base of the CRM and rotation amplitudes as in Eq. 13, 𝛿𝛥𝑃𝑇 and 𝛿𝛥𝐶  can be 
expressed as shown below: 
 
𝛥𝑃𝑇 = (𝑏 − 𝑁𝐴)|𝜃| ⇒ 𝛿𝛥𝑃𝑇 = 𝛿𝜃[(𝑏 − 𝑁𝐴)𝑠𝑖𝑔𝑛(𝜃)] − 𝛿𝑁𝐴|𝜃|




























𝑑𝑡                         (17) 
 
where 𝐹𝑃𝑇 = 𝑘𝑃𝑇(𝛥𝑃𝑇𝑖 + 𝛥𝑃𝑇) with 𝑘𝑃𝑇 being the tendon’s axial stiffness and 𝛥𝑃𝑇𝑖 being the initial tendon elongation 
due to prestressing. Using Eqs. 11, 15, and 17, the free vibration motion of the CRM is expressed in terms of the 
variables 𝜃 and 𝑁𝐴: 
 
[
𝐼1 + 𝑀(𝑏 − 𝑁𝐴)
2 −𝑀𝜃(𝑏 − 𝑁𝐴)
−𝑀𝜃(𝑏 − 𝑁𝐴) 𝑀𝜃2
] ( ?̈?
𝛮?̈?




+(𝐹𝑃𝑇 + 𝑀𝑔) (
(𝑏 − 𝑁𝐴)𝑠𝑖𝑔𝑛(𝜃)
−|𝜃|
) + 𝐶 (






  (18) 
 
In the CRM, Eq. 18 is solved together with the constraint equation, Eq. 8, which estimates 𝑁𝐴 as a function of the 
rotation angle 𝜃. Combining Eqs. 8 and 18, the equation of motion for the CRM can be reduced to a function of the 

























= 0 (19) 
 




Assuming 𝑁𝐴 = 𝑁𝐴0.005 and an equivalent stress block approximation as per [42] (i.e., 𝑏𝑐 = 𝛽𝑁𝐴0.005/2 with 𝛽 =
0.96), an approximate closed-form solution for 𝜃(𝑡) can be developed using Eq. 19. For the initial conditions of 𝜃 =





2 + (𝜃𝑜 +
𝛾
𝑝𝑐
2) 𝑐𝑜𝑠𝑝𝑐𝑡 (20) 
 






(𝑏 − 0.48𝑁𝐴0.005); and 𝐹𝑃𝑇𝑖 denotes the initial post-
tensioning force (i.e., 𝐹𝑃𝑇𝑖 = 𝑘𝑃𝑇𝛥𝑃𝑇𝑖). 
 
Eq. 20 can be used to estimate the quarter period, 𝑇/4, and the decay in rotation amplitude of the CRM after its nth 






















− 1] + 1 − 1} (22) 
 
where r is estimated in the CRM using Eq. 7. 
 
IMPACT ENERGY LOSS 
 
To validate the use of MSRM’s r for estimating impact energy loss in controlled rocking members, this section 
compares this model with experimental values of r. Comparisons with r obtained from the SRM are also included. 
 




Cheng [25] tested four geometrically different controlled rocking concrete columns under free vibration. The four 
columns had dimensions of: 1) 30 x 30 x 60; 2) 30 x 30 x 120; 3) 30 x 30 x 180; and 4) 60 x 60 x 240 cm3 (thickness 
x width x height) and were anchored to their foundations using unbonded steel bars. The nominal diameters of the 
bars varied between tests from 10 to 24 mm. No initial forces were applied to the bars. Cheng quantified energy loss 










where 𝑛 denotes the number of impacts, 𝜃𝑛 is the amplitude of rotation after the n
th impact, and 𝜃𝑜 is the initial 
amplitude of rotation.  
 
Energy loss in the columns was attributed mainly to impact energy loss. Nevertheless, it was hypothesized that 
additional energy loss may have been induced to the columns because of small sliding motions at the column-to-
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foundation interface. These sliding motions were more pronounced in the stockier column (i.e., h/b = 2), with only 
minor slips being recorded in the slenderer column tests (i.e., h/b = 6). Assuming sliding to have little contribution to 
the overall energy loss in the columns, estimates of impact energy loss in terms of r may be obtained by combining 
the experimentally estimated   by Cheng with Eqs. 22 and 23. Accordingly, Figure 6 compares the experimental 
mean values of r and corresponding error bars for all four columns with r per SRM and MSRM. The figure shows that 
the MSRM improves correlation to experimental results compared to the SRM. For h/b = 6, the difference between 
the MSRM and the experimental mean is as low as 0.7%, while the SRM deviates from the mean value by 4.7%. The 
difference between the MSRM and experimental mean increases to 16.2% for h/b = 2, which is presumably because 
of the larger sliding motions of this column, as noted previously. Nevertheless, this is a significantly improvement 




Figure 6 Experimental r values from tests by Cheng [25] in comparison with the SRM and MSRM. 
 
Wight [26] and Ma [27] 
 
The seismic performance of controlled rocking masonry walls was examined experimentally by Wight [26]. Ma [27] 
used a free vibration test of one of these walls to investigate its controlled rocking motions. The wall had dimensions 
of 14.3 x 101.6 x 243.8 cm3 (thickness x width x height) and included a seismic mass of 1,438.5 kg, which was 
attached to the wall top. The wall was anchored to its foundation using one 15 mm diameter high strength tendon, 
which was initially post-tensioned to 75 kN. Assuming impact energy loss as the only means of energy loss in this 
wall, Ma estimated that the experimental r varied from 0.880 to 0.910 during this wall’s free vibration response. This 
estimate agrees well with MSRM’s value of r = 0.912, while a significantly lower value of r = 0.835 is obtained per 
SRM, which overestimates this wall’s impact energy loss. 
 
O’Hagan et al. [28] 
 
O’Hagan et al. [28] conducted free vibration tests on a controlled rocking concrete wall with dimensions of 12 x 100 
x 300 cm3 (thickness x width x height). The wall included a seismic mass of 2,049 kg, which was attached to the wall 
top, and was post-tensioned using two 15 mm diameter unbonded tendons, with each tendon being post-tensioned to 
34 kN. Based on an analytical approach, O’Hagan et al. observed that r = 0.96 can adequately characterize the impact 
energy loss in this wall. This estimate is higher by 6.9% than SRM’s estimate of r = 0.898. However, an improved 
estimate of r = 0.943 is obtained when using the MSRM, which decreases the estimation error to 1.8%.  
 
Nazari et al. [18] 
 
More recently, Nazari et al. [18] conducted a series of shake-table tests on four controlled rocking concrete walls, each 
having dimensions of 12.7 x 190.5 x 487.7 cm3 (thickness x width x height). All walls used a seismic mass of 25,100 
kg, which was located at the walls’ height of 427 cm. The walls were anchored to their foundations using unbonded 
post-tensioning tendons with their nominal diameters varying between tests from 12.7 to 15.2 mm. Initial tendon 
forces also varied from 227 to 983 kN. Nazari et al. measured the impact energy loss experienced by the walls. In 
terms of r, an average experimental value of about r = 0.82 was estimated, which agrees well with MSRM’s estimate 







An experimental investigation was undertaken using three controlled rocking concrete members to further investigate 
estimation of impact energy loss in controlled rocking motions. The design details of the three members were 
determined to match the characteristics of controlled rocking members used in prototype buildings (e.g., [18, 42]). 
Geometric properties varied between the three members in consideration to analytical and experimental findings 
showing that the geometry of a rocking member influences its impact energy loss (e.g., [1, 24, 25, and 27]). 
 
Test set-up and member properties 
 
Figure 7 presents three prefabricated concrete members that were constructed in the structural laboratory of Iowa 
State University. The three members were first subjected to free-standing rocking motions without post-tensioning 
steel; the investigation of these motions has been the subject of previous research studies [22-24]. Subsequently, the 
members were anchored to the foundation using a Grade 270 unbonded seven-wire strand with diameter of 15.2 mm 
and subjected to controlled rocking motions. The strand was concentrically placed in each member.  
 
Members 1a and 1b consisted of a reinforced column with cross-section of 35.56 x 35.56 cm2 and height of 167.64 
cm, and a reinforced concrete mass with dimensions of 30.48 x 127 x 127 cm3 (height x width x depth) which was 
firmly attached to the column. Member 2 consisted of a rectangular member with cross-section of 17.78 x 71.12 cm2 
(width x length) and height of 242.57 cm, representing controlled rocking walls. No additional mass was attached to 
this member. Properties related to rocking motions of the three members are shown in Table 1. Additional information 
about the test set-up and member properties can be found in [22-24]. 
 
 
Figure 7 The three controlled rocking members of the experimental investigation. 
 
Table 1  Properties of the three controlled rocking members associated with rocking motions. 
 
Member Mass (kg) R (cm) 2b (cm) α ZCG (cm) rSRM rMSRM 
1a 1,611.2 101.5 35.56 0.18 99.95 0.90 0.95 
1b 1,611.2 130.9 35.56 0.14 129.7 0.94 0.97 
2 963.2 126.4 71.12 0.29 121.28 0.78 0.88 
Note: R and α in the table are estimated about ZCG, which is the height of the mass 
center of the controlled rocking member with respect to its foundation base. 
Free vibration tests 
 
The three controlled rocking members were excited into free vibration. A pump (power team electric hydraulic pump-
double acting PE554S) and a hydraulic jack (power team 55 ton hydraulic-double acting cylinder RD5513) were used 
to introduce initial top lateral drifts (ITLDs) to the members and subsequently, the members were released into free 




Experimental data were collected using a series of light emitting diodes (LEDs). In addition, two string potentiometers 
were used to monitor the ITLDs. A load cell was also placed on top of each member to capture variations in the post-
tensioning force during the controlled rocking motions. The acquisition system used sampling rates that varied from 
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800 to 875 Hz in the tests of Member 1a and from 435 to 760 Hz in the tests of Member 1b. A constant sampling rate 
of 435 Hz was used in the tests of Member 2. These variations in sampling rate were imposed to ensure stable data 
collection and did not affect the data quality. 
 
Initial post-tensioning forces 
 
Using the above-referenced pump and hydraulic jack, initial post-tensioning forces were applied to the unbonded 
seven-wire strand that was placed in each member. Table 2 presents the levels of initial post-tensioning force, 𝐹𝑃𝑇𝑖 , 
per member and ITLD, as used in this investigation. As shown, the value of 𝐹𝑃𝑇𝑖  between each test varied to evaluate 
whether there is an effect of 𝐹𝑃𝑇𝑖 on controlled rocking motions, including impact energy loss and quarter periods. 
 
Table 2  Test matrix of 𝑭𝑷𝑻𝒊 as recorded prior to the free vibration tests. 
 
Member 1a Member 1b  Member 2 
FPTi (kN) 1% 2% 3% FPTi (kN) 1% 2% 3% FPTi (kN) 1% 2% 3% 
0 n.u. ✓ ✓ 3.56 n.u. ✓ ✓ 0 n.u. ✓ ✓ 
2.22 ✓ ✓ ✓ 15.57 n.u. ✓ ✓ 17.8 n.u. ✓ ✓ 
12.45 n.u. ✓ ✓       
24.46 ✓ ✓ ✓       
40.03 ✓ ✓ ✓       
48.04 ✓ ✓ ✓       
Note: n.u. = not used 
 
Experimental observations  
 
All three members responded in a controlled rocking mode without any evidence of sliding or damage to the members. 
Moreover, no loss in 𝐹𝑃𝑇𝑖 was recorded after the tests and all unbonded strands responded within their elastic range. 
 
Coefficient of restitution 
 
Figures 8-10 present the values of r established from LED data for all three members and the associated values of 
𝐹𝑃𝑇𝑖. The figures also include comparisons with estimates of r by the SRM and MSRM. The experimentally obtained 
r values are shown to be scattered in both the positive and negative directions of the approaching rotational impact 
velocity. This scatter is believed to be due to noise associated with the impacts or insufficient accuracy in capturing 
the experimental displacements, as has also been noted previously [24]. Overall, the experimental r varies from 0.89 
to 0.99 for Member 1a, from 0.91 to 0.98 for Member 1b, and from 0.78 to 0.99 for Member 2.  
 
Table 3  Mean values of experimentally measured r. 
 
Member 1a Member 1b  Member 2 
FPTi 
(kN) 
1% 2% 3% 
FPTi 
(kN) 
1% 2% 3% 
FPTi 
(kN) 
1% 2% 3% 
0 n.a. 0.950 0.948 3.56 n.a. 0.962 0.966 0 n.a. 0.887 0.884 
2.22 0.944 0.948 0.949 15.57 n.a. 0.964 0.960 17.8 n.a. 0.869 0.886 
12.45 n.a. 0.948 0.948       
24.46 0.939 0.937 0.939       
40.03 0.950 0.949 0.951       
48.04 0.944 0.948 0.946       
Note: n.a. = not available, as those combinations of ITLD and 𝐹𝑃𝑇𝑖 were not used in the experimental investigation. 
 
Despite the scatter in the captured data, Figures 8-10 clearly show that the SRM underestimates the experimental r 
values, whereas the MSRM resides well within the experimental data for all three members with varying 𝐹𝑃𝑇𝑖. For a 
better illustration of the experimental estimates, the experimental mean r values are recorded in Table 3. It is seen that 
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the mean r varies only slightly between each test of a member, while no significant variations are seen with respect to 
the ITLD or 𝐹𝑃𝑇𝑖. In all tests, the experimental mean r values are almost identical to the r of MSRM, as computed 








Figure 9 Comparisons of experimental r values with the SRM and MSRM for Member 1b. 
 
 
Figure 10 Comparisons of experimental r values with the SRM and MSRM for Member 2. 
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EXPERIMENTAL VERIFICATION OF THE CRM 
 
Accurately estimating impact energy loss and contact length at the interface between a controlled rocking structural 
member and its foundation can improve estimation of the member’s dynamic responses. This is illustrated in this 
section by comparing the CRM with experimental responses of the three controlled rocking members described above. 
To demonstrate these improvements, this section includes comparisons with the SRM’s assumption used in previous 
analyses of controlled rocking members (e.g., [37-41]), suggesting that they pivot about their bottom corners (i.e., 
𝑁𝐴 → 0 for all values of θ). 
 
Contact length, 𝑵𝑨 
 
Using the LED data, 𝑁𝐴 values corresponding to |𝜃| > 0.005 rad were obtained for all three controlled rocking 
members and various values of FPTi. As shown in Figure 11, the vertical displacements of the LEDs (zLED) near the 
rocking interface were used to produce the profile of rotation near this interface. This profile was used to measure the 
𝑁𝐴, as indicated in the same figure. Next, the average of all 𝑁𝐴 estimates for |𝜃| > 0.005 was computed to obtain an 
average value, namely 𝑁𝐴0.005. 
 
These values of 𝑁𝐴0.005 are reported in Table 4 for all the three experimental members. It is shown that 𝑁𝐴0.005 may 
remain constant or increase with increasing FPTi. An exception to this pattern is the value recorded for Member 1a 
when FPTi = 0 kN. It is hypothesized that the higher 𝑁𝐴0.005 value in this case was caused by starting this test 
prematurely, prior to complete hardening of the interface grout layer, which resulted in a soft rocking interface. As 
this condition may not represent practical cases where the strength of the grout layer is adequately developed, these 
tests are not used further in the comparisons with the CRM. Using Member 1a and FPTi = 2.22 kN, Figure 12 





Figure 11 Estimation of NA using rotation profile near the rocking interface. 
 
Table 4  Experimentally estimated 𝑵𝑨 for |𝜽| > 𝟎. 𝟎𝟎𝟓 rad in the three controlled rocking members. 
 



















0 74 0.208 3.56 76 0.214 0 160 0.225 
2.22 51 0.143 15.57 76 0.214 17.8 160 0.225 
12.45 56 0.157       
24.46 61 0.172       
40.03 61 0.172       







Figure 12 Experimental contact lengths of Member 1a with FPTi = 2.22 kN and estimates per CRM and 




Next, strand elongations are investigated as a function of the member rotations using the LED data. Figure 13 presents 
typical comparisons of strand elongations as per the CRM (i.e., 𝛥𝑃𝑇 = (𝑏 − 𝑁𝐴)|𝜃|) and experimental values. It is 
shown that the experimental strand elongations are accurately estimated using the CRM. However, using the SRM’s 
assumption that the members pivot about their corners (i.e., 𝛥𝑃𝑇 = 𝑏|𝜃|) significantly overestimates the experimental 





(a) Member 1a, 𝐹𝑃𝑇𝑖 = 2.22 kN    (b) Member 1b, 𝐹𝑃𝑇𝑖 = 3.65 kN   (c) Member 2, 𝐹𝑃𝑇𝑖 = 17.8 kN 
Figure 13 Strand elongations versus member rotations. 
                   
Quarter period 
 
As discussed in past research studies of dynamic rocking motions (e.g., [1, 23, 25, 27, 29, 31]), the quarter period of 
a rocking member subjected to free vibration increases with increasing amplitude of rotation. Strand elongations and 
variations in NA also influence the quarter periods of controlled rocking motions, as evidenced in Eq. 21. Figure 14 
presents typical quarter period variations for the three members established a) according to the CRM and the SRM 
with consideration to controlled rocking; and b) from experimental data. As expected, the data shows some scatter in 
the observed experimental values for all three members, with somewhat increased scatter for Member 2. When 
comparing with the experimentally established quarter periods, the CRM shows significant improvement over those 






        (a) Member 1a, 𝐹𝑃𝑇𝑖 = 2.22  kN   (b) Member 1b, 𝐹𝑃𝑇𝑖 = 3.65  kN   (c) Member 2, 𝐹𝑃𝑇𝑖 = 17.8  kN 
Figure 14 Experimental and analytical quarter periods for a range of rotation amplitudes. 
 
Rotation vs. time histories 
 
Controlled rocking motions per CRM using MSRM’s r with k = 0.72 are compared with experimental responses in 
Figures 15-17. The responses by the SRM with consideration to controlled rocking are also included. As expected, 
the SRM decays faster than the experimental responses due to overestimation of r in this model. Due to their reduced 
quarter periods, the SRM responses also oscillate faster than the experiments. On the other hand, the CRM captures 
the experiments accurately over several cycles. Noticeable discrepancies are seen only in the responses of Member 2 
and particularly for the ITLD of 2%, where the CRM deviates from the experimental responses after these cycles. All 
in all, the combination of CRM and MSRM improves estimation of the experimental behavior in all three members. 
 
 
                      (a) 1.9% ITLD, 2.22PTiF =  kN                  (b) 3.4% ITLD, 2.22PTiF =  kN   
 




                   (e) 1.7% ITLD, 40.03PTiF =  kN                 (f) 3.2% ITLD, 40.03PTiF =  kN   
 
                   (g) 2% ITLD, 48.04PTiF =  kN                     (h) 3.2% ITLD, 48.04PTiF =  kN   
 
Figure 15 Experimental and analytical rotational responses for Member 1a. 
 
 
                        (a) 2.1% ITLD, 3.56PTiF = kN              (b) 2.5% ITLD, 3.56PTiF =  kN   
 
                        (c) 2.1% ITLD, 15.57PTiF =  kN            (d) 2.5% ITLD, 15.57PTiF =  kN   
 





                       (a) 2% ITLD, 0PTiF =  kN                             (b) 2.9% ITLD, 0PTiF =  kN   
 
Figure 17 Experimental and analytical rotational responses for Member 2. 
 
HORIZONTAL BASE MOTION 
 
This section discusses the effect of using the CRM, as oppose to the SRM, for estimating controlled rocking motions 























= −𝛪3?̈?𝑔 (24) 
 
where 𝛪3 is defined in the Appendix; and ?̈?𝑔 denotes the horizontal ground acceleration. 
 
Apart from the use of MSRM’s r and a varying contact length at the rocking interface, the CRM induces an additional 
modification pertaining to controlled rocking motions under horizontal ground excitations. Unlike the SRM and 
previous approaches (e.g., [37-39]), uplift of the CRM can occur just after a horizontal excitation is applied, suggesting 




 as in [39]) for the 
CRM to rock. This assumption in the CRM is consistent with recent findings in [46], which combined experimental 
and numerical results to show that the use of a threshold ?̈?𝑔 may fail to capture the uplift of controlled rocking 
structural members and underestimate the corresponding amplitudes of rotation. As shown in the same study, 
eliminating such a threshold improves accuracy of the analytical predictions of controlled rocking motions. 
 
Three approaches for estimating controlled rocking motions are compared here: a) the CRM with r per Eq. 7 and k = 
0.72 (i.e., MSRM’s r), denoted as CRM-0.72; b) the SRM with consideration to controlled rocking; and c) the CRM 
with r per Eq. 7 and k = 1.0 representing SRM’s r, denoted as CRM-1.0. These three approaches are used to compute 
the rotational responses of Members 1a and 2 with 𝐹𝑃𝑇𝑖 = 24.46 kN and 𝐹𝑃𝑇𝑖 = 0 kN, respectively, to the Rinaldi 
record during the 1994 Northridge earthquake, California.  
 
Figure 18 compares the responses of the two members produced by the three approaches. As expected, the SRM 
predicts reduced rotational motions for both members, which is due to: a) the imposed threshold ?̈?𝑔 that minimizes 
their uplift; and b) the assumption of pivoting about the extreme compression fiber (i.e., bottom corner). For Member 
1a, the CRM-0.72 estimates the largest peak rotation of 0.076 rad (i.e., 7.6% drift ratio) that occurs in the negative 
direction at t = 6.0 seconds, while CRM-1.0 estimates a lower peak rotation of 0.066 rad (i.e., 6.6% drift ratio) in the 
positive direction at t = 6.9 seconds. These deviations between the CRM-0.72 and CRM-1.0 models are attributed to 
the use of different r values, producing different amounts of energy loss per impact. Finally, SRM’s peak rotation of 
0.051 rad (i.e., 5.1% drift ratio) occurs in the positive direction at t = 5.1 seconds. For Member 2, CRM-0.72 produces 
the largest peak rotation of 0.042 rad in the negative direction at t = 4.6 seconds, while CRM-1.0 estimates a lower 
peak rotation of 0.029 rad in the positive direction at t = 2.6 seconds. In comparison, the SRM estimates a significantly 
low peak rotation of 0.0083 rad in the positive direction at t = 2.6 seconds, demonstrating the drastic difference in 










This paper investigated the dynamic behavior of controlled rocking structural members using experimental and 
analytical means. Experimental data of controlled rocking members with various geometries, materials, and post-
tensioning levels were utilized to evaluate: a) estimation of impact energy loss per the coefficient of restitution (𝑟) 
models of SRM and MSRM; and b) overall controlled rocking responses. The following conclusions are made: 
 
• Experimental data showed that the SRM overestimates impact energy loss in controlled rocking members and that 
a significantly improved estimation of this energy loss can be achieved using the MSRM with 𝑘 = 0.72. 
 
• Contrary to the assumption in SRM, experimental data from three different controlled rocking members 
demonstrated that they maintain contact over a finite length with the foundation during dynamic motions. As the 
rotation increases, this contact length reduces and stabilizes beyond a threshold value of rotation (i.e., 0.005 rad). 
 
• Although similar observations to those in this paper have been made in previous research studies, no effort was 
made to propose analytical solutions to: a) account for the contact length variation during controlled rocking 
motions; and b) estimate impact energy loss accordingly (i.e., per MSRM). A Controlled Rocking Model (CRM) 
was therefore developed in this paper to incorporate these two features.  
 
• Calculated responses using the CRM were compared with experimental responses for three controlled rocking 
structural members. Global responses such as rotation time histories and quarter periods of free vibration as well as 
local responses such as contact length and strand elongation were compared, which consistently demonstrated the 
superior quality of the CRM for predicting controlled rocking motions.  
 
• The importance of combining the CRM and MSRM’s r was also highlighted in the estimation of controlled rocking 
motions under horizontal ground excitations. For a given excitation, it was observed that the SRM with 
consideration to controlled rocking may underestimate the rocking motions or predict no motions to occur if the 
ground accelerations are below the threshold imposed by this model. For the same excitation, the CRM may 
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𝐼2 = 𝐼1 + 𝑀 [(𝑏 − 𝑁𝐴)𝑠𝑖𝑔𝑛(𝜃) −
𝑑𝑁𝐴
𝑑𝜃

















]                                                                   (A3) 
 
where 𝑀𝐶𝑅𝑀 denotes the mass of the CRM block; 𝑀𝑎 denotes the added mass on the CRM block, as that imposed on 
Members 1a and 1b; 2ℎ𝑎 and 2𝑏𝑎 are the height and width of the added mass, respectively; ℎ𝑎
′
 denotes the vertical 
distance between the foundation base and the bottom face of the added mass; and 𝑀 = 𝑀𝐶𝑅𝑀 + 𝑀𝑎. 
 
View publication stats
